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The study of polyhedna in R' with vertices on a given lattice is a very old subject.

It is a part of combinatorial geometry but has strong links to other fields: geometry
of nurnL,ers, linear diophantine equations, algebraio gu.**try, for exarnple.

In recent yeal's, a briiLge has been establisirecl between this subject and the theory of
toric varieties [Kh-D].

For example, take the ctrassical result of L. Ehrart: If A is a polyhedron in R" with
vertices in V-n, then the number of integral points in pA is a poiynornial in p (for any
positive integer p). A" elegant proof of these results consists in passing the briige we just
rnentioned and applying Riemann-Roch theorem for toric varieties.

nn [D] Danilov asks for formulas connecting volurnes of polyhedra and the nurnber of
integratr points they contain.

To answer this question - and others! - the method of these notes is to forget the
bridge, ancL use elementary methods in the stucly of polyhedra, or rather the space of
linear combinations of characteristic functions of polyhedra. This space, first introduced
in [G], has an interesting structure in itself (duality, convoiution) which leads to natural
generalizations of Ehrart's resutrt as well as others, proved by Mc\,4ullen, on aaluations.

The second key-idea is to use integration of such functions as rnentioned, with respect
to the natural measure given by Euler characteristic. This idea has been developej by
O.Viro ir' [V]"

As a result of our study, we obtain a Riemann-Roch theorem in comt,inatorial geom-
etry (Theorem L,, Chapter iV) which includes (passing the brid,qe) the classical Riemann_
Roch theorem for toric varieties.

,{s a second result, we give a muitidimensional. generalization of the farnous Euler-
Maclaurin forrnula following the first ,,proof', by Euler.

The results of these notes belong to A" Khovanskii and A. Pr-rkhiikov (sorne of them
wiltr appear in russian in Algebra and Analysis, 1gg2).

The first author wrote these notes after A. Khovanskii's lectures given in June 1gg1
at University Paris VII.

Paris. March 1992.

Askold Khovanskii
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chapter tr' 'I'he aiqebra of polvhedrai r:heLin-s: Eurer: incegration, convolution, shadows.

We inrroduce. iollorvinq an iciea of Groemer iGJ.lhe set of convex r

i n r e re s r i ng ;;;;;; ;::? i:: ililfi 
,i,' 

i, *l,l " 
" o

an algei;ra rvhich contains canonically
finire union of such ,.r;; ;;;;;;"

I. Polyhedral chains; convoiution and duaiity.

I.1. In the classical theorl. of conr.ex bocjies. one consiclers compact convexR'. called in rhe forlorvingui*otr,'prr tth.t.ra.^"a ,i"-i"rio*,ing operarions onr \'Iinkorvski sum: For .-l anci B poll.hecira

pollrhedra in
them [B-Z]

n Support functiorr:
funccion of A. Ia is

{,--1-D:{::..r_

For anr- linear iorm
defined bv

8l
an1' pol-r*heciron A the support

U;.7

don

a'I-a- -- tl L

5n rru anfl

z_r(i) :,1.u\ {ir;.
o lhluations on rhe set of pol1._heclra.

,, ."i;:":'i,lil*,'o)',':i,;-i|,",U:. sro'I'jp *'r:alr]. rhe reais - defined on rhe set or polyhedra

-' lt):l'/.\.\''-:/ \Ji / - [-(_\:)_ f'(]r n A2)
rLnio n are polr.heclra.

M inko w-c I;i a d d.iti.u e if

::-r^r )* Ir(A,) for nor-emprv pol5,hedra

Lemma 1. If l/ is tr,Iinkorvski addiri.;e it is a valuation.

This results from the identitv

T,-(jr

rvhenever Ar. Az und, their

A r-alued function I,' is
/ -- ,

J t,-(.fr*12)
\t1ot

if Ar, z\2, A1 U

n The dua! of a

ArU

A2 are non empty

valuation I,' is the

A:*A1 tlA2

convex seis.

r-aluatir:n l/o.:

==Ar*Az

x-.
, | _t

J

I/*(c\) - )l.t lr(f)



rvhere the su* is iaken over ail faces f oi A of aii dimensions rf r.

I.2. The follo,,vinq gencralization is introrirrcr:rl:

nff["r:"1' 
o polr1lt'ed'ral chain in iR" is a linear r:ombinarion of characterisric functions

(i)

we denote l;y P the 'eclor space of pol'heciral chains. J.n1' funcrion / of p canbe writtenin manl,' wavs as in ( i ) The ser of pol5.he,ira iirjccts canonicaily. in p l>y

,- t-+ 1 lr-.

Proposition 1 and Definition 2. Il / is as in (1)

is inclependent of lhe representation of .f . It is called the Euler integralof f. The Eulerintegrai gives measure one to a[ characterisric fu*ctions of poryhedra.

Proof. Suppose

I ); lyr'- = Q

and iet us prove by induction rhat

I^,:o'
a) if

n:1
ihe 'If;'s are ciosed intervals of R: rve pro'e the assertion by induction on the number p ofnon-empbv sets 1{;0 n Af (for i and 7 distinct)

If p is zero the result is clear: all /r;'s have disjoint i'teriors, and it is easy to checkthat the ); must all vanish.

If p is strictly positive, iet /f1 and L2 be such that

l-r..(L:,:1t ifreh;
[' 0 if nor.

lrnu:I^,

rrf n ri3 *A



lt

Kr A B K'

Kl K2

Fieure I

One has:

Ar 1n, *)z 1A, : Ai 1r,i * ): ll,.l -(.\r ;)2;1rr.yr_rA.2 __ )r 1 s _ A2 lB
rvhich shorvs that /f1,-Ifr can be repraced bv /ri,/t'|, 1f1 il -Ir,2, A,B, thus lowering p byone. Whence rhe proof b1- inducrion.

b) Let; be a linear projection from R', ro R'-r. It is enouqh to prove that

Lel r be a point in R'-1

'.'(r) - I ^, 
1"r^.;)(x) : I)i

*,here J is the set of indices i such thar

r € r(1r;) ++ r-1(r) n lii + 0

I^t 1r,; : o* I)i tn,nn.-r11; : o

and

I^r 1K,.o1,t : I), li,.,nr-r(r) : o + I), : o

;€J

because r-1(") is of dimension one.

This proves thai r/ is idenrically zerb and so rhe sum is zero by induction.

Proposition 2 and Definition 3- If J and g are two polyhed.ral chains, the f6nction

f *s:f *g(r)= 
Irf,_ilg(s)dil(s)

ttJ



is a polyhr:clrai r:hain. calle':l t.lte r:onrolution ol f dncl y. with rhis convolution, p is
i'TilTillil;,.]Hbra 

rvirh rrnir (rhe Dirac 
'.o.. rn). ancr rhe convolubion prorongabes

/r\

Proof. For r fixed

ll * lI, = 1l+1,.

J(, _ y)=Lli l._.,
irnd one checks the formula (2); the con'oiution is r'ell-<iefined, and makes p intoa com-mutarive aigebra-

Remark. (2) is nor true if A is nor ciosed..

I"2. Duality.

Proposition 3 and Definition 4. Let / be a poli,-heclral chain. For any poinr c define

f'(r): I t rtE: l' t ,B trEJB .I

rvhere B is a sufficienrlv smail por'heclral open bail centereci in r. Then /* is a rvelr clefinedpolr.hedral chain. the dual of J. \Ioreover

J - J,

(4)

Proof. Take

,f : ir ./-: (-i)ljl ljo.

+_ \ \ 1

J - ./ ,\; l\,

(3)

If

.C1J=rA
with A polyhedron. Then. for B smali open poiSrhedral ball centered. at es

tr
-f"('o) : J 

ln .i a dE:./ (1anE._ l^ng)dE



is zero if ;,r is nol in Ao. Other.,vise

f "(.to) -
One pro,.'es (3) the same rvav.

Proposition 4. If A is a

Proof.

Ifr:Q

Ifxl0

This Euler integral. beinq a
cube. Finali1,. one gers (4).

(-r rlrl\ - r-r rlalLt 
)-,_-tl'

poll'hedron. ll is inverrible in lhe algebra p and:

1ot : /-1;ill 1_:,0.

t - (t -

il ' * l ,-lt. 11irr1 1-lo(;r - tLl rJE(rtS.

lr * 1-^o(0) 11(rr) 1ro(rr) 1.r (u)-i-trl:l
.3rJ \

lr. * 1*^o(r) - rz) 1,+lo(u)

i inrarianr.

1/r .:n'.110 \u) dE.

e computed easily: take for A a

fonR

I
I1- I

:T =l

:l
can b

I '^'
oioeicaIop

r'3' Radon transformation' \ve define the Radon transform in real projective space,follorving ideas of o' viro [v]. For this purpo.;.-;;";"ds an easv ad.apration of previousdiscussion ro the projective case. Rath.r. *" prefer to change categories, and work in thecategorv of. sernialgebraic sels in RF^.

Definition 5' A function / on RF" is constructible ifit is a linear combination of char-acteristic functio.s of closed semiargebraic sets -{. As in the case of tpolvhedra in R', one carr shorv thar rhere exisrs a unique (finirery 
"dd;:;j";"t:TJ:';lhe space F of such functions. such thar

E(l..r ): I rA dE E Euler characteristic.

Furthermore, this measure satisfies a Fubini_t1,pe property.

Definition 6. If / is in F. rhe Radon rransform of / is the function
hyperplanes of RF") defined bv

Fn (set of



/ hyperplane.

Theorem S. [V] If n is even

In ail cases

i' (nl : 
1,t,,1 

rtE(:r): I r rr rtE

i+!--:lrou

f '/ \/ f

.l i,u:jJrtE.

Application" Consider a generic t-,'"o-r-limensional smooch surface f in Re3, an4 a genericprojecrion on R2 (imbeddecl in RFr;.

Theorem 6. For an!-r in R? Ier

a.(r) - card (r-t(.r))
6(r) : number of tanqent iines ro the crirical curi'e passing tirrough x, with orientation.
Then

air ) -;- b( t) : E (I)

Proof. Lel

f(r): a(r)
f

J f ar: E(I)
Comput-e /-(i) = I.eta(r) : E (;-t(f)), in generai. The preimage of a generic line / is aunion of circles, then

/-(/) : o.

Only tangent lines counl' each rvith a sign correspond.ing to the topology of n -l(l) and tothe coorientation of the discrimina.nr.

If. Shadows.

we introduce a nerv tool tvhich rviil be useful in ihe study of general valuations.

8



Lemma 1. Lcr;

i,e tlo half-inccnals in R. rn onposite

Proof.

1-ry* r7(.r.r

The line

intersects

1 - l.a, l[
.J == )rr.5l

direcrion. Then

It * 1r = 0.

I
.,1 ,,i ---

Lr(u) L;(z) dE.

Y *z=x

Figure 2

rrI---J | . 
-L

, and denoie by

I

a<y<p
'y(:(6

in a haif-ciosed inrerval.

Let now a-i,..., aj be A r-ectors in R, a; lhe half intervals they define:



u;:{tdi,0<t<1}

attt'"^'

,\; tt; = {J

oL,r.+...*lr,t:0.

zero divisors in p.

f-rJ - rar F laz

Figure .3

Lemma 2. Suopose a linear reiation

I
t

rvith ();) all

This confirms rhe

Proof. Consicler

strictly positi..,.e. Then

1o,

exrstence of man1,

in the generai case

Figure 4

It is the characterisiic function of the parailelogram built on (a-i,.rl) rviih two sides ex-illf:J::::ilJ:;n;:j[1j-"*' the diagJnai orthis o*;r'Jr;iarn and paralrers ro

- lrft, dE*.
r : | (l t ,," or,) dE(a) r,

10



Repeating thc same

and so on. We get finailv

yo" = lrt, + Xo") rlEo

/:\cr +...r<,yor_,
can be rvritten as
(o-, +"; ; " ;r__lltll::::::T;1."j#ll.,erisric runctions or harr-inrervars para'er ro

f t. -n.t \4i _ \,r.

The remaining cases ro

e:r,lure ior aj

t: f fodEn+

rhar

proc

be consiclerer_i are r:hose for which for some z

{ 
ai+r : .\ (a-l ... + tl;)

I /t \ / .'t.'(r*t = -.rl(Lr i... irl,)
ce ro the case of t,,(.* t) r_ector.s. and in the second. case

in the first case one can reclu
Lemma 1 to conclucie.

Remark. This shorvs that p has a rot of zero cii'isors. It rvouicr be interest.further the structure of this contot,,rio., ajsebra. 
Lt rvould be interesting to investigate

Definition. If A is a poly-heclron. ancl a a rlirecrion in R,,*,1 call shadow of A with respect';"L:,:o clenote 5(A' 
" ) 

ih" po., otrhe rrr,,,nuor.l oi'o *rrt.r, i, i;;;; 
"shad.e 

wrten rishten
Precisei.'.,:

.S(A,a) : {r € A : lu € R,, .rr € n{r+ ta . t€ R} : [rr,"]].
Remark' slA' a) is homeomorphic to che projection of A ,.parajrel to o,,,, in particurar

/tro. atdE=1
J

Lemma 3. .g(A. a) is a union of faces of A.

Notice first thai S(A,a) is closed. 
-Next, take r in the shadow S(A,a) and also in the

relative interior of a fate a 
"i-tl'- consa", ti";ffi... space generated by d and the rine

through r parailel lo a' This space is divided in ,*o-iuir-.pu.", uy o, *i points near c inl,T 
in the shadorv' From 

'hi; 
i;;;."lts that the int";or of 6 is in rhe shadow, and also

appiy

i1



Lemma 4. Lct A1, A2 be t,,vo polyhedra.

Jt:1,r. <l

fr:.].
4t

1.s(1,,u)

l.srl,,u,1
lhen

Lernma 5- Fubini's theorem. if

is an affine map.

a linear projection parallei to a

;r :Rt * R-
and / a pol;,.hecirai chain in R,

; : Rt --+ Rn-l

f r * fz -0.

fo^ t{'l .E(x) = lo^U_ ,,,,f (,) uu,\,tE(y)
)

;$: ik:Jl:.1:?Jff::T :i:[i:i::: "-',v) rhe proor is e,emenrary: rake
Take norv /1 and /2 as in Lemma o- aro,r. Lemma 5..appiiec rvith

fto

f1 o,f2(r'1 : t ttL r t\4 / - J J.,€r-,(y) 'f t(r) f':(r - 11) clE, dE(.il.
consider rhe first integrai ro perform: icrentifl-in* r-Jl,) with R: dEr, rvith the Euler
measure on R' the restriction oi /1 gets la"ntin"a ,r]irh the characteristic iunction of a half_Tfi :il j ,5 j,;:,1,H:i.;*::t 

t; ;f ji I,1,,' 
", 
;; ; ;,.p p.,,, 

" 
ai,..ii *

12



Definition 1. A valuation is a linear form on p.

Theorem r'' [H2] valuations on P idenrifi'wirh'aluarions on the space of polyhedra by

Y(A) = i'(lr).
The proof is rechnical.

It rvould be interesting io consider the semi_algebraic analogue.

Let ;\ be a laltice in R'.

Definition 2. A A-polynomiar varuation is a varuarion v on psuch ihat if
,"(f)(r) = f(r * a) ro.

Then

The srudl' of valuations is nopular: see \lH S] lor s'rvevs. The previous resu-its onconvoluti.n of poll'hecirai chains ancl shacio*r'"ii.* rs to obtain generai resurts on,\-polynomial ualuations lor any iamice .\ in ,Rn.

V(r_" /) : (r" l,)(f )
is a polynomial in a for an' c in ,\. If this polynomiai is of d.egree A. (for any non-z ero a) vis said to be a L-polynomt'al ualuation of irgr"" a. For example a i\-polynomial valuationof degree (-"") is calied a r\-invariant valuarion.

Remark' \trre do not suppose invariance by G-L.v(n). one essentially knows all A-invariantr-aluations rvith this propert]. rB-Ii]. urorrJ *r(rv1

Chapter Itr. \raluaiions,

Exarnples.

i) /* Itan isar\-invariancval

2) Let A be a polyhedron, e a pol

71n; : I or,l
n 

^7 
a

uaiion (for any r\).

ynomial in R', then

f
i/(A) - IQQ)dx

lt

define A-polynomial valuatioos.

i3



General invariarrl .\-r'aluarions are ,lefine ,i by any additir.e measure on

1.- On / I
\\:lR/\-^.t .. /...

II.1. From now on. rve consider the ring

P ='Pl^
of pol-"'hedral chains rvhere thc poly'hedra l,; ha..'e vertices in Z'(more generaiiy, in laiiice
-\). C'onvolution prcserves P.

Let ./s bc tlte scc oi poll'heciral chains in P (or Pi" I rvirh total zero mass

f..t,,,lt,1E=().

Lemma L. .Jo is a ma-ximal ideai.

Proof. The map

satisfies

lrecause of Lemma 5. Chaoter II.

If I" is a Z^-invariant valuation (cailed inrarianr vaiuarion in the sequence)

\'(f,-.f) :o vaev-n.

Let i6 denote the ideal of poll'heclral chains killed bv any in..'ariant valuation, 7o tfr* id.ul
of polvhedral chains killed by an1' Z'-poll'nomial invariant transiation of degree up to k.

Theorem 2. a) .If,+r+t c j*
(conr.olution power for Jel)

In particuiar.

b) JJ*' c jo.

Proof of Theorem. We rviil prove b), o) is a siight generalization of lhe argument.

| '''* a

f,- | f riE

lr-n: lr ln

14



Lemma l" Let.fr,... ,fn+t Ioe n f I cha:ns in ./0. Thcn

._ r:--J *Jn+r
can be *'ritten ;rs a linerir ,:ombinarir.,n ,f con.,..oiutir_rns of l'De

lo + !
',vhere c

Proof.

isa

1)If

vertex of some /7.

such thar

Take

/:I), lri, I I,u:o+rIA,:o
f 

-Fr 
r,I : )- A; l1r, -,501.

But

Ie,;,-60)=0.
I

so it is eno'gh to pro'e rhe remma io, ,,,.n porl-heciral chains.

3"ILf:*f 
affine space of minimal climension conrainin* A; and u; a vector in L;.

t
.li

u|,...,I/rr*t u; e f;C R"

I ^' 
u;:0.

y; and /z; have zero total rnass (see Remark on [he shado.,v). Then

(*)
? = fr(g t.. A;).

Beca*se of rheorem 1' chapter I, llgi : 0. All rhe orher products in (*) contain ai leastone f,nciion A; rvhose support is of Jimen.ior, .t.i.t1u less than , (;p;;ri of the /;,s).

oi tv$" 
same procedure ihat allows us lo pass from g to aiinear combination of functions

15



,lt = gt*... * gt* ht *,.. x lt,i
{,+ j -n+l

(with at least one &) .-'an t'e appiied to ty'" Because r; is crroosen of minimar dimension,

"iif J'ff;f,ilTffi:;: .J;:'#"?:l:+i;.;y 
" .ll'o'".r i"" .i;;;;i,,*,o,," 

"r r,,*"ti""t

h-6o:1"-10
where a is among the vertices of the /4,s: at each step no new vertex was added!The part b) of Tlieorern 2) is an easy consequerlce of Lemrrla. 

.Assu_ming a) true for rt - r,and letting tr/ be a polynornial valuation 
"r 

i"gr* .i *ort fr, the' ro,. 
",iry 

integral point .f
f * V(6r* / - do * "f) : V[(Lu_ 6o) * /J

r:,fiffi'#TfiHi:il':i;iffi::::#f,..' (ft - 1) Apprying Lemma 2 and the induction

T'heorerrr 3" Let V be a polynomial valuation.
1)ForanyAinpandfreN

Y (1f) : y(fta)
is a polynorniai in k, iv,a(k), called Ehrart polynomial for v.2) iy,6(*k) : V.(AA), & positif.
(Duality).

3) trn general, for A; polyhedra, 7 a polynomial va,luation

kn,kz,...,kr -n V(hAr * kz Lz+ ... + kt, /"p)
is a polynomiai in (&r,. . .,kr) for

kr>0...ftr)0.

Theorern 3 extends classicar resurts of McDonald and McMuilen IMD,MMJ.
trl)-^^r o -n-r"oor" buppose T/ is a poiynomial valuatio'-of degree at most p. we wilr prove first 1);:t ') 

The proof nr", .r**L'turf utg"bra in ih- .";;;i"rio' structure of p, and,Theorem

1a=L+(la*1)
with 1 : 56 unit elernent in p.

Askold Khovanskii
Typewritten Text
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For A positive. omitting the sign + for convolurion powers.

.Fli=[1 _{1:_i,].
i-

ri = I c'l(r, - 1,t, I rrt -i) rtE
j=tt J

Because of Thecrem ?, on_ly po\l.ers 7 irter.,,.ene rvith

,' 1.r-:p*1.
So iv.: can lvrite

-0.

and this is a porynomiar in a, c.renoreci bv ri(t.), of riegree ar most n*p.
II"2. Using the expansion of (t - A.)-^.iI,posiri.,,e.1 we can rvrire

l:0
Because of Theorem ') rve deduce (remember che

t'(1At) : r,:\i-r,) ._ i.. ((-irrrr

n+p

t'(1\):f c'l \'1,-r,rt
l=u

(C'tr=0if7>,1)

4'? , ?€P.

the first parr.

n A. I". counts _ up to a sign _ the
are gi.r'en up to a sign by the same

lnverse

1" ^^ I
- !-\" 

)

of 1.11 )

: I,'.(1!,r)

: t"(A(1_a))
rvhich proves the assertion.

The third part of Theorem B is an eas\. extension of

Example. If I/ coun[s rhe number oi points tn lnnumber of points in Zn n A0. I-1.f.A) and f 
,-1fA1

poll'nomial taken for raiues ,(. and (_A)

Historical remarks.
The first author rvho studied svstematicalJl' the number of inregral points of integralpolyhedra was L' .lhrart [E] ',vho gnr'" o genera.lization of pick,s foJ*...Io. see also Reeveand \,trcDonaid [IV{D.R]. 

v o--:e'\s*ac!u1v1r \rr r tcn s tormula

Then' in 1975' D' Bernstein gave a direct proof of rhe existence of Ehrait,s porynomial

f a,(") - card(nLnVd)
for a poiyhedra A in Rd' His proof uses inducti'e methods on d and linear projection. [B].

l7



The theory of toric varieties allowed a reduction to Riemann-Roch theorem [K-D]. See
[B] for compiements and resutrts close to some of the results herein.

Another progress was to replace the Ehrart's polynomial i:y another polynomial in-
trinsically defined through the generating function of the previous

(t - r;a+r f ;o1,rl'')*n : hs I hfi+... + hard.

This new polynomial is more practical, has trocal interpretation [ts], [S], [MMZ] and seems
rich of further developments.

still the coefficients of Ehrart's polynomial keep their mystery (see [K], [M], [R_G], [p]for the case of a tetrahedron). They are a basis for all unimodular .rrriirrrro,rs valuations
on the set of [--polyhedra [B-K].

Askold Khovanskii
Typewritten Text
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chapter Irr. Decomposition of porl-hecira into cones ancr exponential ,.,;

,1:iH:1'::;:ffi:ili;n1 reiare por'hecira ro cones rhis auorvs decomposition

III. i. Cones.

,",,nit,ril::i:"":j'LTlT,;:lt,l: closeri (jon'ex cones in R'- *'ith verrex ar any poinr. As

Def itio' 1' A conic cltain in R' i:s a iinear c.mbinarion oi characterisric functions ofrrones' If c is a cone d clenore-. rhe r:.rne rran,.ia.reci from c,. *.irh vertex in 0.

Defiuitions 1'"

-\ cone u,ith r.erlex

E non-zero

A cone

A conic
erate cones.

at 0 is rlegenerare if ic conrains a non-zero vector subspace of Rr,

C'=ExC,'
l'ector subspace.

C rvith vertex at { is deqenerare if d is degenerare.
chain is degenerace if ir can be represented as a rinear combination of degen_

on Di outside the origin.

take /1 : -(X"_ 160).

of a cone. Consider the

This induces an equivalence relarion on che space of conic chains.

Decomposition of cones.

Let f : I Ai lcr' be a conic chain. ail cones being convex and rviih vertex at 0.Let L be a general linear form.

Fnoposition 1' There exisrs a conic chain /1 equivalenr to /,

/r:IFj\o;
such that Di arc cones lvith vertex a[ 0, and tr is strictry negative

Exarnple. n_1 I(r) _r. If /:\"_ rake/1 _/. If /=t"*
Froof' Ib is enough to consider for / the characteristic functioncasen:2asanexample.

a) If r keeps a constanr sign on c\0 the assertion is obvious:
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/+/r -0.
b) if I cloes not keep a consrant sisn

Figure 5

Suppose 
": 

(@), , r 0 on 09, I < 0 on 02. Take C,,: [zOc[ (0c exciuded),

Xr, = -1"'
In the general case, let C be a simplicial cone (octa.nr over a simpiex). and suppose that I.
)t-:"*tt:,"tly 

general so chat it is nor consra.nr, on anv edge of .limension one of ihe simpiex
\et'....en)-

Suppose L("t) ) 0 on some ei (otheni,ise rake /1 = /).
Replace C b,i C'cone over the simple* (ri) rvhere

'(ot 
-.,,frl^\/A1 -, - '-, if tr(e;) < 0

l rl : -., if I(e;) > 0

be the cone o\:er the (non-closed) simplex .S,

f :Xc L(r)<0'ir
L(t) > 0 '7x

ft
f,
cit

€
C

c'\o
6'\o

and take precisely C'

J

It is ciear that

a;e;* I a'ie'i;
L(e; ))o

\.-
2-o,*oi -1
q;20
o1 >o

to

I
l(e; )(0

I

l

L(r)< 0 Vr €C' , rf 0.

have no other intersection point lhan 0, and
Moreover C and Ct
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f :X.,, +60- X"*X",
and C" contains tbre whole line z0y.

S{I"2. App}icatiora to polyhedna"

Ler*rrca l. suppose (c) are convex cones and -L aiinearform such that

[,(r)<0 r€Ci:C;\{0}.
Then

E^, trc; o * X); rs. : fl.

Let / b'e a polyhedral ctrain, A a point of its support. suppose first / is the characteristicfunction of a polyhedron. Then ih"o" exists r-nniqu" cone c6,4 with vertex in A suchthat A and c6,4 have sa,rne gerrns a,t a- c6,nis the iung"rrt cone of A irr c..

trf .4. moves in the relative interior of a given face f of A

CA,A: Ca,p
remains constant (up to a translation).

we deduce that for any linear combination / of characteristic functions of polyhedra andcones, and for any point A, there exists a conic cha,in 7 such that, as germs in ,4

f=t=E)r1c,
where C; have vertices in L.

Definition 2' If the c;'s can be choosen such that / is locally equal (in A) to a trivialchain 7, A is said to be a triuial point for f .

A uerter of / is a non_trivial point.

Exarnples. i) If

f : Ic C cone with vertex in y',

A is the only vertex of / (eventuartry,, if c non-trivial; hopefuily!).
2) rf

/:1a, Apolyhedrorr,

the vertices of A are the vertices of /.
c\1dI



3) If

/:Ll;la,
the vertices ol /:rre [o be found amonq rhe'errices of tire A;.

Lernma 2. If f is a polyhedrai chain. (l;)irs verrices, suppose

f:\-^,',-\_^,t
I I

rvith 7;,7j characteristic functions of cones rvirh r,'errex --l;. Then

^i: * ^;l

ll : ^i; - ^t'i: *L(^/, -^,,)
i+l

impiies that 1ti coincides rvith a triviai conic chain in a neighbourhood of A and so every-
where by homogeneirv.

The foliowing result rvill be needed in the decornpositions of polvhedral sums.

Theorern 1. (Varchenlio) Let / be a polyhedral chain. V the finite set of its vertices, and
-L a general linear form.

There exists a familv of conic chains {r.r;-{ € V} such thar 7,1 has vertex in A,

I(r) < l(l).

Froof" Take a generai linear form tr having a suprernum a[ some vertex A oly. The germ
of / in .l is equal to the germ of a conic chain 7r. B]' Proposition 1 ihere exists ri Jonic
chain rvith vertex in A such thab

I(r) < I(-{) on a.il cones of t's

^ltA - ^l-\.

Consider

h= f -1'A.

f-\-^,.r /r i_-r

,,



This nerv poiyhedral chain has no orher 
'enices rhan those ,f. f and. ^1,a,

-{. so /1 has one r.'ertex iess rhan /. Frrrthermore .L is bounded obor."
/r. By an easv induction arsumenr. the rheorem foilows. because in the
with no 

'errex. Lemma i imniies rhar the chain / is zero.

Rernark. All consrrucrions above
polyhedron rvich vertices in L ihe ^,

characterisiic funccions of [--,:ones.

and is hrivial near
on the support of
case of a chain /

preserl'e rhe lattice sr,rucrure. In parricular if A is a
s in Theorem i can aiso be chosen as combinations of

III.3" Generalized discrete Gauss-Bounet formuia.

We rviil irlso neeci further rhe follorvinE resuit.

Proposition 2. Ler

/=I);tri,
be a polyhedral chain, decomposed i. cones as in Theorem 1. Then

nslated from rhe

(ltaa) ri,I ^' 
rr,. :

Ira 1i;'s

It nu:tr, /i x.:nBdE:Ir,.J " .(J :J

2) For n : \, ii is enough b1' [nearitl.- to pro'e the asserlion for

.f :11 I:la.b]
then / : I l; 16', rvith 

:": 

C; oi r','pes:

..-; : :r;. -;-rc[ C, : l- oo, a.l] Ct : R

Then:

I^'+IAr.:o.I^,+Itrr:o

/ : I l; rd, : (I .i;) r1o,+*r + (I.l;) 11-"",01 + (I .lr) ro : oo

lrou=Lr,
and if F, or" the cones with lertex ar 0

Proof. 1) Take a convex poll'hedron B big enor.rgh [o conrain the support of /. Then

.)e



because

1n : 1r _:c.ul -i- 1i0,1."; - l e .

3) Suppose ihe result of Proposition 2 in:e for all poll,hecirai chains in R- and. for al1

m<n.

Intersecl the given poiyheclrai chain / in R" *,ith anv hyperplane rr

f lu: f .rn: I,tr; lc,ns

T )i lc, -H : ( I t 1n ann) d,

If / is a polyhedron A. for a given r in A choose an hirperplane .[I conbaining z

I ^, 
1; (r) : I )r ifr,,..,"(r) = (l t t, aEn)do(')

:50(c).

This shorvs the assertion.

III.4. Exponential sums over cones.

1) Theorem 3. (Stanley) Let h be a racional cone u,irh verrex ar the origin, / a linear
form such that

f(r) <0 in I{*.
Then

defined for p close to I, is a meromorphic function of p in all c'.

Proof. 1) Take

n:1, If :R-

Sr(p) - I exppr
"€rl
'50
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Sn(p) : I exp(p,r)
x.€2" nIi



9>

Figure 6

aonverges for p ) 0, and its sum equals

Sr(P): ---1-.I - exp( -p)
2) In R", if

"K - {.\e1,) e R} e1 €Zn

I{ nV :V_et - {*", CV , m < A}

3) Suppose .I{ is simple and integer simple, and

,,,- {i,,, "o ; .ro > o},,_tr:ur,,,"r,,,r- "tr

where ei are fixed integral vertices which generate freely a sublattice of.V.
Let

(n )
O:iDrn"n0(r;<1f.

I n:' )
Then Q contains a certain number of points in Z\, and any point r in V\ can be written
in a unique way

r=u*u u e I{
u € Qn7\.

Adding the various contributions for each u

1n(i) Sn-(p) : :-- l{ f t - exp(-pe ;))
L exPPU i:l

yeQ

E exp(p,r) :, # if (p,"r) >0.
t€T_et I - exP(-Pei

25



which is rneromorphic.

trn generai, K can be decomposed into simple cones) and the surn ,9n (p) can bewritten as a sunr of terms like (L), a meromorphic iunction in the whole space (by analyticcontinuation).

Let Cs be the space of linear cornbinations of characteristic functions of rational coneswith vertex in 0"

Fnopositiore 4. There is a unique extension of

f( *+ S;r(p;

to Co: ,

f * sr@)

:ni"l.associates 
to any f in C(r a meromorphic function Sr(p), such that if / is trivial

r f\p) rs zero.

Fnoof'' To define ,9y take a general linear forrn (, and g equivalent to .f as in Theorem 1"

Then define

sr(p) : sn(p)

as a rneromorphic function, holomorphic for p close to !.. k does not depend on the choice
of g, because of T,emma 1. I --

Theorenr 5" Let A be an (integral) polyhedron, v its set of vertices

1o: I z,
A€V

a decomposition of A in rational conic chains with vertices in V, as in Theorem 1, corre-sponding to a given general linear forrn l. Then

1) I exppr:IexppAS;(n)
x;€AnZn A€y

where ?i i. the conic chain with vertex in 0 obtained by translation frorn 74.

I s;-1p; = tl4
A€V

Proof' a) The first part, for ir ctrose to /, is a consequence of Theorem L because

2)

Askold Khovanskii
Typewritten Text
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S^,"(p) - exp ee S;;(d.
b) We can apply proposition 2 (Gauss-Bonnet).

2) Continuous analogues

Fnoposition G. Let K be any rational cone in R,

Mx(p): 
J 

.*p(pr)d,*

is convergent for p such that

pn:lp,rl <0 r€-K r#0.
This integral defines a rational function of p.

Proof"a)n:1 p>0 /{-R*

fo1
'/-'"**o 

Pr dr - !'

The formal surn - defined for no p! _ should be zero:

I n+- y0

l_.xpp, d,x: I exppz + | exppr - -1 * 1: o.JR Jo J_*, p p
b) If 1{ is a simplicial cone of dimension ,?,

,r:{i)ieii),>o}
\r )

Consider a linear change of variable ,4 which changes the canonical simplicial cone o intoK

f ,r"*o{or)d.r: f*.*rroOy)ldet Ald,y: !*.*rf rny; ldet Al dy

_ det(e1,...,e,")

Pt' ' 'p"

ri : (P. e)

which is a rational function.

c) For a general rational cone, the construction is similar to the one in the cliscrete case.
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ffiffij:ical 
interpretation' If lz(p) is the volume of the inrersection of /{ with rhe

nr)-1

(2) v@): * f 
"exppr: 

d,r.

In fact 1f v(p,a) is the (n - 1)-volume of the intersection of f{ with the hyperpiane

pr:a a(0
one has

V(p,*): lal"-l Z(p)
and also

t
| "' l*|"-t V(p!d,o : | "*, pr d.r.J ' ' \r./** 

lu_"^.

Tlreoremr 7' if a is a,ny poiyhedron, V the set of its vertices , l| thecone with vertex in0 translated from the tangent cone je of A in 4,

f.\-
l^.*pp* rlx : ) .exppA Me(t)

A€V

1)

where

2)

Me(p) - n\@)

I u^11'7 = o.
Aev

The proof follows the line.of the proof of rheorem, using the decomposition of A into conicchains (Theorem X) and Gauss_Bonnet. c

Il'elmarks' 1) Both Theorerns 5 and 7 have an obvious extension to polyhedral chains.tr'or exarnple

)-,-- "*ppo f (r) : | "xpp,4 f (A) tute(p).
r€Zn AeV

Askold Khovanskii
Typewritten Text
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ts a uniuersal forrnutra; the measures S a(p) are defined by the tangent cone of A at .4 andthe fonrnula needs ontry, to t,e applied, u d""o*position of each tangent cone into sirnpleand integer simple cones to get sirnple formulas fo, .ge(p)

For a given fixerl

2) For a given cone C the formula

tr
eanzn

exppr: f exppA,ga(p)

P: (pt,...,Fr)

take

)p:(,\p1 ,...,)pn).
The left-hand side is a holomorphic function and its value for zero is
The right-hand side is a merornorphic function, which has a Laurent

Figure 7

Remark" 3) Bv differentiation with respect to p ihe formulae extends
formula f,or exampie for

#(2" n a).

series at the origin

E ro (p))0.
i) io

The 4;'s depend on the decornposition of A in cones (on a choice of any privilegied direc-tion)' For different directions p one gets different decompositions. The choice of p allowsthe choice of decay-functions corresponding to cut-offs fc,r the integrals associated to thehyperplane 6 going to infinity.

$

to a sumrnation



E _ \---\
L Q(r)exppr

re&nzn

Q(r) polynomial.

Askold Khovanskii
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Chapten IV. Todd operators and generalized Euier-Maclaurin formulae.

trnspired by Euler's original proof we introduce a non-locatr infinite order differential
operator, cailed Todd operator because of its formai relation to the Todd class. This
construction allows the proof of a relation between discrete and continuous valuations,
caltred c'combinatorial Riemann-Roch theorern" (as a particular case one gets Riemann-
Roch theorem for non-singular toric varieties).

We also obtain natural generaiizat,ions of the classical asymptotic forrnula of Euler-
Maclaurin.

I. Operatons of infinite order"

I.i." It is well known that if [/ is an open set in C', and (a,) holomorphic functions in [/,
the infinite series

/ A\ \-a ../A\"
" ['' a. ) 

: 
]'"t"' (*i

(wiih usual conventions) defines a local operator, rvirich a,cts on holomorphic functions in
u and on the sheaf Ou if strict convergence conditions are satisfied [B-K].

trn the generatr case, ta,ke for exarnple

o (', *):Io.(,) (*)o *hu,u

aoeO(l'l <e).

Suppose for some ,R in Ri,

I lo"(r)l fio < oo

then it is easy to see that P a'cts on the space Ep of exponential-poiynoms of the type

p€En p- Iexp(pir) qi@)
finite

I qi@) e R[r]

\ bil < n
Moreover:

P (', $) f",.oo rl : F(r,p)exp(pr).(1)
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tsasic examaple" The Todd operator in n variables is the non-local infinite order differ-ential operator associated with the function

n(€):gl_fu)

lnlu.,tt;*"ke 
the convergent series associa.ted with each term of the product, and replace

sz uJ }-!l'

{n" Fbamed polyhedra"

Deffinition l" A framed, polyhed,ron in R" is the set of following data:
a) A simpl'e polyheclron A: at each vertex of A, A is the intersection of n half-spaces.
b) For each face -F of A, a dual element l; in R"*.
c) A volume form c.",,,.

Basic example" Take any lattice [- in R', A a simple polyhed.ron with vertices in [-.Then associated to it is a canonical framed polyhedron .hoor" for any face F; of A theunique l; defined by

lliLFi

(.i (.d,; on A,

A : {r ; !{r) I d; t i :!,...,j}
l; € l-",

with srnallest length (with respect to [-) for these properties.

Take for c,,'" the volume associated to [_.

To such a framed polyhedron, we associate a family of potyhed,ra in Rr, depending onparametert (h); these polyhedra have no rnore verticesl they-are obtained by movirrittu
faces F; parailel to thernselves:

A7, -- {r;!.;(r),i d,t * ht i : I,...,j}
h:(hr,..',hj)

n-nAO-A

Tlneon"ent tr ' Comhinatorial Riemann-trtoch theorern. Suppose A is simple and
integraX simple, and let

f

g(h): I e(r) ar
Jan

Askold Khovanskii
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where Q is a given fi.rnction in R'.
Let' T(0/04) be the Todd operator irr the 7 va,riaL,les ft. Then, for e polynomial,

t(oloDls(Dl lo:o: I Q@).
xeAnT-n

This fonmula is also true for Q in E6 (for srnall fi).

We assume A as in hypothesis.

Lernrma L. The cornbinatoriai structure of Alu is independent of h for srna1l h and

s(h,p): { exp(pr)dx.
JAn

F'rom the hypothesis we deduce that each vertex A of A is d.efined by the intersection of n
hyperplanes

(,;(r) : 6n

indexed by a subset I(A) of {1, ..., j}.
For h close to zero the n corresponding equations

(1) !,;(r) : dt * h.i

define the vertex A(h) of A;.. In the same way any face of codimension g of A(h) is defrned
by g eqr-rations as (1). This shows that the combinatorial structuru do"s not change for h
close to zero"

Proof of Theorem 1. From Theorem Z we know:

(2) [."*oo*a*:Iexp(pA) Ma(p)Ja Aev

where V is the set of vertices of A, the equality being i:etrveen meromorphic functions.

Now (2) is stili true for A6 !

(3) { exppr dr: I exp(p.A) Itf ,q,^(p)
J Ln .A€y(atr )

where V(An) denotes the set of vertices of At.



If An has rational vertices (in
this extends to any h.

Given a vertex 46 of. A1r,
A being simpie and integratr
coordinates:

$[-), tuk" mA6 and apply (3). Because (B) is smooth in ft,

because of L,emma I An can be defined by n hyperplanes,
simple these hyperplanes can be taken * hyplrplanes of

!;(x) - ut: dt*lz; i:1,...,r,"
Then the contribution of. A1, to the second. term of (3) is

cAo:""0 (f r; xr). #
Pi : (P',"i|

Ah: (fi)
/n. \

CAo :"*p ( \,nn(rlo * h;)) -l-\r:1 / 
,.U, 

o,

Applying the Todd operator to this function of A we get

n o, 1 ,t1.

r(h)[CA,] :zl- fr "*pf,rn{ao*n;)
Itr ""P(-P 1 t'IPi 

1

1

T(h)[CAh]: expp A(h) x S;(n)
Finally, sumrning over all vertices of 46, and retting A eqrra,r zero:

T(h)[CA^] lo=o:Iu*rpASro(p) : I exp(pr)
r€AiI"n

which is vaiid for p small, because of rheorem b, chapter III.
This proves Theorern 1 for

Q@): exp(pr)
p srnall.

If now R(a l8p) is any differentiar operator with constant coefficients

R@lAdexp(pr) : ii(r) exp(pr)

R@/ae)lorctuol {^ "*o1o"ya"l l, : r(A) / rt(r)exp(p x)d,r lu_oL JAh llo=o ' 'JAr
(4) : I R(c)exp(pr).

re Anz-n
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When p goes to zero the equality (4) becomes

This proves Theorern 1. In particular one gets a new formula for the number of points of
V*)A:

Corollary. For A as above

-[(0lAQ$ot(An)l 
lo=o : card(A .2").

Application" Euier-Maclaurin formula.

In the one dimensionatr case the theorem gives an asymptotic formula of Euler-Maclaurin,
in case of annihilation of the remainder terrn.

For various choices of Q(r) Theorem 1 can be considered as a systematic generalization
of Euler-Maclaurin formula in higher dimensions.

We hope to return to these questions soon.

f-r(alaD I n1*1a* lo=o: I R@).
J tn xeannn

JO
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